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1
$PG(m, 2)$ (dimensional dual hyperoval, DHO)
C. Huybrechts A. Pasini [6] .
1 ($GF(q)$ DHO). $m$- $PG(m, q)$ $d$-
$S$ , $PG(m, q)$ $d$- ,
:
(1) $S$ 2 $d$- 1 ,
(2) $S$ 3 $d$- ,
(3) $S$ $d$- $PG(m, q)$ ,
(4) $S$ $q^{d}+q^{d-1}+\cdots+q+2$ $d$- .
$GF(2)$ , $q>2$
. , $M_{22}$
$PG(5,4)$ 2 . ( [7] .)
$GF(2)$ $d$- $n$ ,
$2d\leq n\leq d(d+3)/2+2$ [14] , $2d\leq n\leq d(d+3)/2$
. $PG(d(d+3)/2,2)$
,
(1) Huybrechts’ DHO [5],
(2) Buratti-Del Fra’s DHO [1],[3],
(3) Veronesean DHO [11], [14],
(4) Veronesean DHO [9],
4 ( ) .
$*E$-mail address: taniguchi@dg.kagawa-nct.ac.jp
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, (1 ) Huybrechts’ DHO quotient
(DHO) , Quadratic APN . (quotient
cover A. Psini [8], 8.2 8.3 .)
(2) Buratti-Del Fra’s DHO quotient (DHO)
, Quadratic APN .
2 (APN ). $GF(2)$ $H$ $W$ $f$ APN
(almost perfect nonlinear) , $H$ ( )O $a$
$W$ ( ) $b$ $|\{x\in H|f(x+a)+f(x)=b\}|\leq 2$
.
APN , DES S-Box ,
(2005 ) . (APN function, Cryptography
)
3(Quadratic ). $GF(2)$ $H$ $W$ $f$ ,
$B_{f}(x, y)$ $:=f(x+y)+f(x)+f(y)+f(0)$ , Quadratic
.
Quadratic APN $f$ $S_{f}$
. ([12], [13] .)
( APN DHO $S_{f}$ ). $H$ $d+1$ , $R=$
$\langle B_{f}(x, y)|x,$ $y\in H\rangle$ . , $s\in H$
$X(s):=\{(x, B_{f}(x, s))|x\in H\backslash \{s\}\}\subset PG(H\oplus R)$
$d$ - $S_{f}=\{X(s)|s\in H\}$ $PG(H\oplus R)$ d-
.
$S_{f}$ , Huybrechts’ DHO quotient .
$d\geq 4$ , $GF(2^{d})$ Quadratic APN $f$ Buratti-
Del Fra’s DHO quotient $D_{f}$ $3d$-
$PG(3d, 2)$ . .
1. $d\geq 4$ , $f$ $g$ $GF(2^{d})$ Quadratic $APN$ .




4. $f$ $g$ , $A_{1},$ $A_{2}$
$A$ $f=A_{1}\circ g\circ A_{2}+A$ .
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2 Buratti-Del Fra
$H$ $d+1$ , $R=\langle B_{f}(x, y)|x,$ $y\in H\rangle$ .
.
1. $s,$ $t\in H$ $b(s, t)\in H\oplus R$ .
$(b1)b(s, s)=(0,0)$ ,
$(b2)b(s, t)=b(t, s)$ ,
$(b3)b(s, t)\neq(O, 0)$ if $s\neq t$ ,
$(b4)b(s, t)=b(s’, t’)$ if and only if $\{s, t\}=\{s’, t’\}$ in case $s\neq t$ or $s’\neq t’$ ,
$(b5)\{b(s, t)|t\in H\}$ is a vector space over $GF(2)_{f}$ and
$(b6)\{b(s, t)|s, t\in H\}$ generate $H\oplus R$ .
, $X(s):=\{b(s, t)|t\in H\backslash \{s\}\}\subset PG(H\oplus R)$ $d$ -
$S=\{X(s)|s\in H\}$ $PG(H\oplus R)$ $d$ -
.
5. $\{e_{0}, e_{1}, e_{2}, \ldots, e_{d}\}$ $H$ . $x=e_{i_{1}}+\cdots+e_{i_{l}}$
SuPP$(x)$ $:=\{e_{i_{1}}, \ldots, e_{i_{l}}\}\subset\{e_{0}, e_{1}, e_{2}, . . . , e_{d}\}$ , SuPP(0) $:=\emptyset$
. $J(x)$ .
$\{\begin{array}{l}|Supp(x)| \text{ }, J(x):=Supp(x)|Supp(x)| \text{ }, J(x):=\{0\}\cup Supp(x)\end{array}$
$V$ $\{e_{1}, e_{2}, \ldots, e_{d}\}$ $H$ ,
$H \ni x=\sum_{i=0}^{d}\alpha_{i}e_{i}\mapsto\overline{x}=\sum_{i=1}^{d}\alpha_{i}e_{i}\in V$
. $(i=0,$
$\ldots,$
$d$ $\alpha_{i}\in GF(2)$ . $)$ $\xi$ $V$ $V\backslash \{0\}$
, $s,$ $t\in H$
$x_{s,t}:= \xi(\overline{s}+t\gamma+\sum_{w\in J(t\gamma}\xi(\overline{s}+w)\in GF(2)$
.
, Buratti-Del Fra $D_{f}$ .
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(Buratti-Del Fra DHO $D_{f}$ ) . $f$ $H$ Quadratic $APN$
. $H\oplus R$ $b(s, t)$ .
$b(s, t)$ $:=$ $(s+t, B_{f}(s, t))$ (1)
$+$
$x_{\overline{s},\overline{t}} \sum_{w\in J(\overline{s})}(e_{0}, B_{f}(e_{0}, w))+\sum_{w\in J(t\gamma}x_{w,\overline{s}}(e_{0}, B_{f}(e_{0}, w))$
.
$b(s, t)$ $(bl),$ $(b2),$ $(b5),$ $(b6)$ . ,
.
$b(s, t_{1})+b(s, t_{2})=b(s, s+t_{1}+t_{2}+\alpha\{s, t_{1}, t_{2}\}e_{0})$ ,
$\alpha\{s, t_{1}, t_{2}\}:=\xi(\overline{s}+t_{1}^{-})+\xi(\overline{s}+t_{2}^{-})+\xi(t_{1}^{-}+t_{2}^{-})\in GF(2)$ .
$l$ , $e_{0}\in GF(2^{dl})$ , $GF(2^{d})$ $e_{0}$ $GF(2^{dl})$
. $GF(2^{d})$ $\{e_{1}, e_{2}, \ldots, e_{d}\}$
. $GF(2^{dl})\oplus GF(2^{dl})$ $U$ .
$U:=\{(s+t, B_{f}(s, t))|s, t\in GF(2^{d})\}$ .
$W$ :
$W:=\langle(e_{0},0),$ $(e_{0}, B_{f}(e_{0}, e_{1})),$ $(e_{0}, B_{f}(e_{0}, e_{2})),$
$\ldots,$
$(e_{0}, B_{f}(e_{0}, e_{d}))\}$ .
$U=GF(2^{d})\oplus GF(2^{d})$ , $s,$ $t\in GF(2^{d})$ , $b(s, t):=$
$(s+t, B_{f}(s, t))$ $PG(U)$ APN DHO $S_{f}$
. , $e_{0}$ $(e_{0},0),$ $(e_{0}, B_{f}(e_{0}, e_{1})),$ $(e_{0}, B_{f}(e_{0}, e_{2}))$ ,
. . ., (eo, $B_{f}$ (eo, $e_{d}$ )) , , $W$ $(d+1)$-
.
1. $H:=\langle GF(2^{d}),$ $e_{0}\}\subset GF(2^{dl})$ . .
(1) $U\cap W=\{(0,0)\}$ ,
(2) $H\oplus R=U\oplus W$ ,
(3) $f$ $H$ Quadmtic $APN$ .
, $b(s+e_{0}, t)\in U\oplus W$ .
$b(s+e_{0}, t)$ $=$ $(s+t, B_{f}(s, t))+(e_{0}, B_{f}(e_{0}, t))$
$+$
$x_{\overline{s},\overline{t}} \sum_{w\in J(\overline{s})}(e_{0}, B_{f}(e_{0}, w))+\sum_{w\in J(t\gamma}x_{w,\overline{s}}(e_{0}, B_{f}(e_{0}, w))$
$=$
$(s+t, B_{f}(s, t))+ \sum_{w\in J(t]}(e_{0}, B_{f}(e_{0}, w))$
$+$
$x_{\overline{s}_{1}\overline{t}} \sum_{w\in J(\overline{s})}(e_{0}, B_{f}(e_{0}, w))+\sum_{w\in J(t\gamma}x_{w,\overline{s}}(e_{0}, B_{f}(e_{0}, w))$
.
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$b(s, t)\in U\oplus W,$ $b(s, t+e_{0})\in U\oplus W,$ $b(s+e_{0}, t+eo)\in U\oplus W$
, $s,$ $t\in H$ $b(s, t)$ $H\oplus R$ $U\oplus W$
. , $\pi$ : $U\oplus Warrow U$ .
$s,$ $t\in GF(2^{d})$ $\overline{b}(s, t):=(s+t, B_{f}(s, t))$ , $s,$ $t\in H$
$\pi(b(s, t))=\overline{b}(\overline{s}$ , .
$\pi$ : $U\oplus W\ni b(s, t)\mapsto\overline{b}(\overline{s},$ $t\gamma\in U$ .
$s\in GF(2^{d})$ $\overline{X}_{f}(s):=\{\overline{b}(s, t)|t\in GF(2^{d})\backslash \{s\}\}\subset U\backslash \{(0,0)\}$ ,
$\overline{S}_{f}$ .
$\overline{S}_{f}:=\{\overline{X}_{f}(s)|s\in GF(2^{d})\}$ .
$\overline{S}_{f}$ (APN $f$ ) $(d-1)$- APN DHO . $\overline{S}_{f}$
, ( (b3) (b4) $\overline{S}_{f}$
) Buratti-Del Fra DHO $D_{f}$ (b3)
(b4) . , $PG(U\oplus W)=PG(3d, 2)$
$d$- Buratti-Del Fra DHO $D_{f}$ .
, $D_{f}$ DHO $S_{f}$ ( ) .
3 Buratti-Del Fra DHO
$f$ $g$ $GF(2^{d})$ Quadratic APN . $f,$ $g$
$e_{0}$




$\langle GF(2^{d}),$ $e_{0}\rangle$ $H’:=\langle GF(2^{d}),$ $e_{0}\rangle$
’ .
$W_{f}$ : $=$ $\langle(e_{0},0),$ $(e_{0},$ $B_{f}(e_{0},$ $e_{1})),$ $(e_{0},$ $B_{f}(e_{0},$ $e_{2})),$ $\ldots,$ $(e_{0},$ $B_{f}(e_{0},$ $e_{d}))\rangle$ ,
$W_{g}$ : $=$ $\langle(e_{0},$$0)’,$ $(e_{0},$ $B_{g}(e_{0},$$e_{1}’))\prime\prime,$ $(e_{0},$ $B_{g}(e_{0},$$e_{2}))\prime\prime\prime,$ $\ldots,$ $(e_{0},$ $B_{g}(e_{0},$$e_{d}))\}\prime\prime\prime$ .
$D_{f}$ $PG(U\oplus W_{f})$ Buratti-Del Fra DHO, $D_{g}$ $PG(U\oplus W_{g})$
Buratti-Del Fra DHO . , $X_{f}(t)$ $:=\{b_{f}(s, t)|t\in H\}$ ,
$X_{g}(t):=\{b_{g}(s, t)|t\in H’\}$ . , $\Phi$ : $PG(U\oplus W_{f})arrow PG(U\oplus W_{g})$
$D_{f}=\{X_{f}(t)|t\in H\}$ $D_{g}=\{X_{g}(t)|t\in H’\}$
. , 1 1 $\rho:Harrow H’$ $\Phi(X_{f}(t))=X_{g}(\rho(t))$
. , , $s,$ $t_{1},$ $t_{2}\in H$
.
$\rho(s+t_{1}+t_{2}+\alpha\{s, t_{1}, t_{2}\}e_{0})$
$=\rho(s)+\rho(t_{1})+\rho(t_{2})+\alpha\{\rho(s), \rho(t_{1}), \rho(t_{2})\}e_{0}’$ .
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, $\rho$ $A:Harrow H’$ $A(e_{0})=e_{0}$’ ,
$\rho(x)=A(x)+h$ . ([3] Proposition 10 .)
$\Phi((e_{0}, B_{f}(e_{0}, w)))$
$=$ $\Phi(b_{f}(0, w))+\Phi(b_{f}(e_{0}, w))$
$=$ $b_{g}(\rho(0), \rho(w))+b_{g}(\rho(e_{0}), \rho(w))$
$=$ $b_{g}(h, A(w)+h)+b_{g}(e_{0}^{J}+h, A(w)+h)$
$=$ $(h+(A(w)+h), B_{g}(h, A(w)+h))+\cdots$
$+$ $((e_{0}’+h)+(A(w)+h), B_{g}(e_{0}’+h, A(w)+h))+\cdots$




$\Phi(W_{f})\subset W_{g}$ . .
$\overline{\Phi}$ : $U\cong(U\oplus W_{f})/W_{f}arrow(U\oplus W_{g})/W_{g}\cong U$.
$\overline{\Phi}$ , $PG(U)$ , APN DHO $\overline{S}_{f}$ $\overline{S}_{g}$
. , $\overline{S}_{f}$ $\overline{S}_{g}$ , $f$ $g$
. ([4] Theorem 1 .)
, .
1 $d\geq 4$ , $f$ $g$ $GF(2^{d})$ Quadratic $APN$ .
$d$ - $D_{f}$ $D_{g}$ , $f$ $g$
.
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